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The light reflectance and absorbance are calculated for a quantum well (QW) the width of which
is comparable with the light wave length. The difference of the refraction coefficients of the quantum
well and barriers is taken into account. The stimulating pulse form is arbitrary. An existence of two
closely situated discrete excitation energy levels is supposed. Such energy level pare may correspond
to two magnetopolaron states in a quantizing magnetic field perpendicular to the QW plane. The
relationship of the radiative and non-radiative damping is arbitrary. The final results does not use
the approximation of the weak Coulomb interaction of electrons and holes.
PACS numbers: 78.47. + p, 78.66.-w
I. INTRODUCTION.
At the light monochromatic and pulse irradiation of a quantum well there appear the characteristic peculiarities
in the reflected and transmitted light waves carrying an information about the energy spectrum and lifetimes of the
electron excitations [1-4] The most interesting results are being obtained in the case of the discrete energy levels of
the electronic system. Such situation is being realized in a quantizing magnetic field perpendicular to the QW plane
or in the case of the excitonic states.
We are interested in the case of two closely located energy levels since at a pulse irradiation there appears an effect
of the oscillations of the intensities of the reflected and transmitted light on the frequencies close to the difference of
the energy levels [5]. Such situation appears, in particular, in the case of the magneto-phonon resonance [6], under
condition
ωLO = jωe(h)H , (1)
where ωLO is the longitudinal optical (LO) phonon frequency, e is the electron charge, ωe(h)H = |e|H/cme(h) is the
cyclotron frequency, me(h) is the electron (hole) effective mass, H is the magnetic field. The number j may be integer,
what corresponds to a ”classical” magnetopolaron, or fractional number (weak magnetopolaron) [7, 8].
For the high quality quantum wells the radiative damping γr of the light absorption line may be comparable with
the non-radiative damping γ or exceed it. In such situation it is necessary to take into account all the orders on
the electron - light interaction [5, 7, 9-26]. Our previous results (besides [20, 21, 23 - 26]) are true for comparatively
narrow QWs, when it is satisfied the condition I
kd << 1, (2)
where k is the module of the light wave vector, d is the QW’s width. The calculations show that only the reflection and
absorption peak positions depend on the QW’s width, but not their height and shape. In all the results, corresponding
to the condition (2), the difference of the refraction indexes of the QW and barrier’s was not taken into account. We
are going to show that for the narrow QWs the refraction index ν of the QW’s material is omitted from all the final
results. There remains only the refraction index ν1 of the barrier’s material.
However, in the case of the wide enough QWs when
kd ≥ 1, (3)
the difference of ν and ν1 must be taken into account, what follows from the results of [20, 21, 23 - 26]. Let us remind
that the QW’s width d is limited from above by the demand of the size quantization of the electron movement along
the axes z.
Let us estimate the role of the Coulomb interaction of electrons and holes. A separation of the variables r⊥ and z
in calculations of the wave functions is possible, if the Coulomb interaction weakly influences the particle movement
in xy plane. It happens if
a2exc >> a
2
H , (4)
2where aexc = h¯
2ǫ0/µe
2 is the Wannier-Mott exciton radius in the magnetic field absence, ǫ0 is the static permeability,
µ is the adjusted effective mass, aH = ch¯/|e|H is the magnetic length. Using the parameters of GaAs from [27], we
obtain (in A˚)
aexc = 146, a
res
H = 57.2, (5)
where aresH corresponds to the resonant magnetic fieldHres = 20.2T, satisfying the condition (1) of the magnetopolaron
resonance for an electron at j = 1. Accorging to (5), we obtain (aresH /aexc)
2 ∼= 0.154, i.e., the condition (4) is satisfied.
The influence of the Coulomb interaction on the movement of the electrons and holes in the xy plane had been
considered in [28].
The Coulomb interaction influence on the particle movement along the z axes may be neglected, if
aexc > d. (6)
Let us check the compatibility of the conditions (6) and (3). For GaAs, for example, the energy gap is h¯ωg ≃ 1.52eV ,
the stimulating light frequency must be a little more of that value. The module k = ωgν/c of the light wave vector
equals k = 2.60× 105cm−1. Using (5) and (6), we obtain
kd < 0.38.
In order to extend our theory on the case of the more wide QWs, when the Coulomb forces influence the movement
of electrons and holes along the z axes, we do not concretize the exciton envelope wave function φ(z) until obtaining
the final results.
II. THE STIMULATING FIELD.
The permeability inside of the QW is ε = ν2 , in barriers ε1 = ν
2
1 (Fig.1), where ν, ν1 are the refraction coefficients.
The electromagnetic wave propagates along the z axes perpendicular to the QW’s surface (the xy plane). Its electric
field is as follows
E0(r, t) = E0el
∫ ∞
−∞
dω e−iω(t−zν1/c)D0(ω) + c.c., (7)
where E0 is the scalar amplitude, el is the polarization vector, c is the light speed in vacuum. The function D0(ω)
determines the shape of the stimulating pulse and may be chosen as [5, 17-19,21]
D0(ω) = i
2π
[
1
ω − ωl + iγl1/2 −
1
ω − ωl − iγl2/2
]
.
Under condition γl1 = γl2 = γl the light pulse is symmetrical [5,18,19,21], at γl2 → ∞ it is asymmetrical and has a
very steep front [16,17,19]. At γl → 0 we obtain
D0(ω) = δ(ω − ωl),
what corresponds to the monochromatic irradiation.
III. THE ELECTRONIC EXCITATIONS IN A QW.
A QW is in a zero or quantizing magnetic field perpendicular to the QW’s surface at a zero temperature. The
quasi-momentum matrix elements pcv, characterizing the inter-band transitions of an electron, are essential in the
theory. As earlier [5, 7,16-22] we use the following model. The vectors pcv for two sorts of excitons (with indexes I
and II) are as it follows
pcvI = pcv(ex − iey)/
√
2, pcvII = pcv(ex + iey)/
√
2, (8)
where ex and ey are the unite vectors along the axis x and y, respectively, pcv is a real value. The model corresponds
to the excitons with a participation of the heavy holes in the semiconductors with the zinc blend structure if the
axes z is directed along the 4-th order axes [29,30]. Our results are applicable also to the excitons Γ6 × Γ7 with a
3participation of the holes from the valence band splitted by the spin-orbital interaction at an arbitrary direction of
the z axes relatively the crystallographic axis [31].
If the circular polarization vectors of the stimulating light
el = (ex ± iey)/
√
2,
are used, the conservation property of the polarization vector is performed:
∑
I,II
p∗cv(elpcv) =
∑
I,II
pcv(elp
∗
cv) = elp
2
cv.
The form of the wave function Fρ(r) of the electronic excitation at re = rh = r in the effective mass approximation
is essential in the theory. re(rh) is the electron (hole) radius vector [22]. If an excitation is formed by the pair
magnetopolaron - hole, the wave functions contain the phonon components [8,32]. In such a case the value Fρ(r) is
determined as follows: we multiply the function from the left at a phonon vacuum 〈0| and assume re = rh = r .Such
a method is justified by the fact that at an exciton creation by light or at a light annihilation of an exciton with a
participation of a magnetopolaron, it is essential only the term in the polaron wave function which does not contain
the phonons.
Let us assume that the variables r⊥ and z may be separated, i.e.,
Fρ(r) = Qpi(r⊥)φχ(z). (9)
The separation of variables is possible, if the Coulomb interaction of electrons and holes influences weakly at their
motion in the xy plain.
IV. THE INDUCED CURRENT DENSITY.
In order to calculate the electric fields on the left and on the right of the QW and the field inside of the QW, it
is necessary, first of all, to calculate the density of the electric current induced inside of the QW. If we use (8), we
obtain the average current density inside of the QW [22]
j1α =
ie
8π2
∑
ρ
γ0rpiφχ(z)
∫ ∞
−∞
dωe−iωt
∫ d/2
−d/2
dz′φχ(z
′)Eα(z
′, ω)
(
1
ω − ωρ + iγρ/2 +
1
ω + ωρ + iγρ/2
)
, (10)
where ρ is the index of the electronic excitation in the QW (combining the indexes π and χ), h¯ωρ is the excitation
energy counted from the ground state energy, γρ is the non-radiative damping.
The value γ0rpi is a factor in the radiative damping expression. The radiative damping is determined as [22,23]
γ˜rρ = γrpi|Rχ(ωρν/c)|2, (11)
where
γrpi = γ
0
rpi/ν, (12)
Rχ(k) =
∫ d/2
−d/2
dzφχ(z)e
−ikz. (13)
The values γrpi for an exciton consisting of a magnetopolaron and hole were calculated in [7]. For some another
excitations they are given in [22].
Equation (10) may be obtained from (46) from [22], if one takes into account (12) and restricts the integration on
z′ by the limits −d/2 and d/2 , i.e., neglects by the tunnel penetration of the electronic excitations into the barrier
(what, strictly speaking, corresponds to the infinitely deep QW).
4V. THE EQUATION FOR THE ELECTRIC FIELD INSIDE OF THE QW.
Let us use the relationship
E(z, t) = −1
c
∂A(z, t)
∂t
, ϕ = 0,
where A(z, t) and ϕ are the vector and scalar potentials, respectively. In the case of the model (8) the current (10)
is transverse one.- The z -component is absent, the induced charge density equals zero, hence it follows the condition
ϕ = 0.
We start from the equation for the vector potential (see, for instance, [33, p. 439])
∂2A
∂z2
− ε
c2
∂2A
∂t2
=
4π
c
j(z, t) (14)
Let us wright the electric field as it follows36
E(z, t) =
el
2π
∫
∞
−∞
dωE−iωtE(z, ω) + c.c.. (15)
Then with the help (10), (14) and (15) we obtain
∂2E(z, ω)
∂z2
+
ω2ν2
c2
E(z, ω) = ω
c
∑
ρ
γ0rpiφχ(z)
∫ d/2
−d/2
dz′Φχ(z
′)E(z′, ω)
(
1
ω − ωρ + iγρ/2 +
1
ω + ωρ + iγρ/2
)
. (16)
VI. THE CASE OF TWO CLOSELY LOCATED ENERGY LEVELS. THE ELECTRIC FIELD INSIDE
OF THE QW.
Let us limit the sum in (16) by two terms with numbers: i = 1 and i = 2. It is possible if the energy levels 1 and 2
are closely located and others levels are situated at ∆ω far away, thus
γ1(2) << |∆ω|, γr1(2) << |∆ω|.
Let us consider a case when the functions φi(z) for two excitations coincide, i.e.,
φ1(z) = φ2(z) = φ(z). (17)
For instance, such situation is realized for two closely located energy levels of an exciton in the magnetopolaron effect
[12-14]. Under condition (17) equation (16) results in
∂2E(z, ω)
∂z2
+ k2E(z, ω) = 2k0φ(z)M(ω)B(ω), (18)
where the designations
k =
ων
c
, k0 =
ω
c
, M(ω) =
∫ d/2
−d/2
dzφχ(z)E(z, ω),
B(ω) =
∑
i=1,2
γ0ri
2
(
1
ω − ωi + iγi/2 +
1
ω + ωi + iγi/2
)
(19)
are introduced. According to [34, p. 85], the solution of the equation
∂2y
∂z2
+ k2y = f(z)
is as follows
y = C1 cos kz + C2 sinkz +
1
k
∫ z
z0
dz′f(z′) sin k(z − z′). (20)
5Using (20), we obtain the Fourier transform of the electric field inside of the QW
E(z, ω) = Aeikz +Be−ikz − i
ν
Fk(z)M(ω)B(ω), (21)
where the designation
Fk(z) = eikz
∫ z
−d/2
dz′φ(z′)e−ikz
′
+ e−ikz
∫ d/2
z
dz′φ(z′)eikz
′
(22)
is introduced. Let us multiply (21) at Φ(z) and integrate from −d/2 to d/2. We obtain the equation for the value
M(ω), the solution of which is as follows
M(ω) =
AR∗(k) +BR(k)
1 + (i/ν)B(ω)J(k) , (23)
where
J(k) =
∫ d/2
−d/2
dzΦ(z)Fk(z),
R(k) is determined in (13). Finally, having substituted (23) into (21), we obtain that inside of the QW
E(z, ω) = Aeikz +Be−ikz − i
ν
Fk(z)B(ω) AR
∗(k) +BR(k)
1 + (i/ν)B(ω)J(k) , (24)
where A and B are the constants which must be determined, using the boundary conditions on the edges of the QW.
VII. THE ELECTRIC FIELD ON THE LEFT, ON THE RIGHT AND INSIDE OF THE QW.
It is obviously that the Fourier components
Eleft(z, ω) = E0(z, ω) + ∆Eleft(z, ω), ∆Eleft(z, ω) = Le−ik1z , Eright(z, ω) = Reik1z (25)
, correspond to the electric field outside of the QW. Here k1 = ων1/c, L and R are the constants,
E0(z, ω) = 2πE0D0(ω)eik1z. (26)
At z = −d/2 and z = d/2 the magnetic field and the tangential component of the electric field must be continuous.
Since in the case of the model (8) the longitudinal components of the fields (along the z axes) are absent, the boundary
conditions may be written as four equations
Eleft(−d/2, ω) = E(−d/2, ω),
Eright(d/2, ω) = E(d/2, ω),
dEleft(z, ω)
dz
∣∣∣
z=−d/2
=
dE(z, ω)
dz
∣∣∣
z=−d/2
,
dEright(z, ω)
dz
∣∣∣
z=d/2
=
dE(z, ω)
dz
∣∣∣
z=d/2
. (27)
Having substituted (24) and (25) in (27),we solve the system of four equation relatively of the constants A, B, L R.
As a result we obtain the final expressions for the Fourier transforms of the electric fields
Eleft(z, ω) = 2πE0D0(ω)eik1z + 2πE0D0e−ik1zZ−1e−ik1d
{
(1 − e−i2kd)(ζ2 − 1)
−ig(ω)
[
e−ikd
(
(ζ − 1)2R2(k) + (ζ + 1)2R∗2(k)
)
+ 2(ζ2 − 1)|R(k)|2
]}
, (28)
Eright(z, ω) = 2πE0D0(ω)eik1zZ−1e−i(k+k1)dζ
[
1− ig(ω)|R(k)|2
]
, (29)
6E(z, ω) = 4πE0D0(ω)Z−1e−i(k+k1)d/2
{
eikz
[
e−ikd(ζ + 1) + ig(ω)(ζ − 1)R2(k)
+e−ikz(ζ − 1)[1− ig(ω)|R(k)|2]− iFk(z)g(ω)[e−ikd(ζ + 1)R∗(k) + (ζ − 1)R(k)]
]}
. (30)
We introduced the following designations
ζ = ν/ν1, g(ω) =
∑
i=1,2
(γ0ri/2ν)Li(ω)
1 + iJ(k)
∑
i=1,2(γ
0
ri/2ν)Li(ω)
, (31)
Li(ω) =
1
ω − ωi + iγi/2 +
1
ω + ωi + iγi/2
, (32)
Z = e−2ikd(ζ + 1)2 − (ζ − 1)2 + ig(ω)
{
e−ikd(ζ2 − 1)[R2(k) +R∗2(k)] + 2(ζ − 1)2|R(k)|2
}
. (33)
VIII. THE LIMIT OF THE ABSENCE OF ELECTRONIC EXCITATIONS.
Assuming
γ0r1 = γ
0
r2 = 0,
we move up to the situation, when light normally incident on a surface of a plane-parallel plate is reflected due to
the difference of the refraction coefficients of the plate and medium. Let us stress that in such a case there is no
any limitations on the plate depth d relatively of the light wave length. With the help of (28) - (30) we obtain the
following results for the Fourier transforms of the electric fields (compare with formulas from [35, p. 412])
E0left(z, ω) = 2πE0D0(ω)eik1z + 2πE0D0(ω)e−ik1zZ−10 eik1d(1− e−i2kd)(ζ2 − 1), (34)
E0right(z, ω) = 8πE0D0(ω)eik1zZ−10 ζe−i(k+k1)d, (35)
E0(z, ω) = 4πE0D0(ω)e−i(k+k1)d/2Z−10
[
eikze−ikd(ζ + 1) + e−ikz(ζ − 1)
]
, (36)
where
Z0 = e
−2ikd(ζ + 1)2 − (ζ − 1)2.
Let us note that equations (34) - (36) may be used for an investigation of the transmission and reflection of light pulses
from the plane of the transparent dielectric plates, if the function D0(ω) describes the stimulating pulse continuation
and shape.
IX. THE LIMIT OF EQUAL REFRACTION INDEXES OF THE BARRIERS AND QW.
In the case of ν = ν1 from (28) - (30) we obtain the results
Eν=ν1left (z, ω) = 2πE0D0(ω)eikz − 2πE0D0(ω)e−ikzg(ω)R∗2(k), (37)
Eν=ν1right (z, ω) = 2πE0D0(ω)eikz − 2πE0D0(ω)eikzg(ω)|R(k)|2, (38)
Eν=ν1(z, ω) = 2πE0D0(ω)
[
eikz − iFk(z)g(ω)R∗(k)
]
, (39)
Using the definition (31) of the function g(ω), as well as the relationship
J(k) = |R(k)|2 + iq(k), q(k = 0) = 0,
7we obtain from (37) and (38)
Eleft(right)(z, ω) = E0(z, ω) + ∆Eleft(right)(z, ω), (40)
∆Eν=ν1left (z, ω) = 2πE0D˜ν(ω)e−i(kz−α), (41)
∆Eν=ν1right (z, ω) = 2πE0D˜ν(ω)eikz , (42)
where
eiα =
R∗(k)
R(k)
,
D˜ν(ω) = −iD0(ω) (γ˜r1/2)L1(ω) + (γ˜r2/2)L2(ω)
1 + i[(γ˜r1/2)L1(ω) + (γ˜r2/2)L2(ω)]−∆1L1(ω)−∆2L2(ω) , (43)
γ˜ri =
γ0ri
ν
|R(k)|2, (44)
what coincide with the definition (11) in the approximation ω = ωi,
∆i =
γ0ri
2ν
q(k). (45)
Let us note that in equation (32) for Li(ω) one has to neglect the second term (in order to avoid an exceeding
precision), what justifies the approximation ω ≃ ωi.
In order to make clear the physical sense of the values γ˜ri and ∆i, let us go to the case of the single energy level
supposing γ0r2 = 0. Neglecting by the non-radiative term from L1(ω), we obtain
D˜ν1(ω) = −iD0(ω) γ˜r1/2
ω − (ω1 +∆1) + i(γ1 + γ˜r1)/2 , (46)
whence it follows that γ˜r1 is the radiative lifetime, ∆1 is the correction to the excitation energy. However, if two
energy levels are located closely enough, they influence each other. Equation (43) may be transformed into
D˜ν(ω) = −iD0(ω)
(
γˆr1/2
ω − Ω1 + iG1/2 +
γˆr2/2
ω − Ω2 + iG2/2
)
, (47)
where γˆri, Ωi and Gi are the ”renormalized” values.
In the case of QWs and under condition kd << 1 we have
R(k) ≃
∫ d/2
−d/2
dzφ(z) = C, Fk(z) ≃ C, J(k) ≃ C2,
q(k) ≃ 0, ∆1 ≃ ∆2 ≃ 0, γ˜ri ≃ γ
0
ri
ν
C2, eiα = 1. (48)
Under condition ν = ν1 we obtain from (43) for narrow QWs
D˜nν(ω) = −iD0(ω)
C2
∑
i=1,2(γ
0
ri/2ν)Li
1 + iC2
∑
i=1,2(γ
0
ri/2ν)Li
, (49)
where the index n corresponds to a narrow QW.
8X. THE NARROW QW. THE DIFFERENT REFRACTION COEFFICIENTS IN THE BARRIERS AND
QW.
Let us apply (48) and assume
e−ikd ≃ e−ik1d ≃ 1.
Then we obtain from (28) - (29)
En left(z, ω) = 2πE0D0(ω)eik1z − 2πiE0D0(ω)e−ik1z gn(ω)C
2
1 + ign(ω)C2(ζ − 1) , (50)
En right(z, ω) = 2πE0D0(ω) 1− ign(ω)C
2ζ
1 + ign(ω)C2(ζ − 1) = const, (51)
En(z, ω) = 2πE0D0(ω)eik1z 1− ign(ω)C
2
1 + ign(ω)C2(ζ − 1) , (52)
where
gn(ω) =
∑
i=1,2
(γ0ri/2ν)Li
1 + iC2
∑
i=1,2(γ
0
ri/2ν)Li
(53)
Having substituted (53) into (50) -(52) and substituted the elementary transformations, we obtain the fields on the
left and on the right of the QW (40), where
∆Eleft n(z, ω) = 2πE0D˜nν1(ω)e−ik1z , (54)
∆Eright n(z, ω) = 2πE0D˜nν1(ω)eik1z , (55)
and the field inside of the QW
En(z, ω) = E0(z = 0, ω) + 2πE0D˜nν1(ω). (56)
where
D˜nν1(ω) = −iD0(ω)C2
∑
i=1,2
(γ0ri/2ν1)Li
1 + iC2
∑
i=1,2(γ
0
ri/2ν1)Li
, (57)
what distinguishes from the result (49) for narrow QWs at ν = ν1 by the substitution of ν by ν1. It means that at
ν 6= ν1 for narrow QWs (kd << 1) the radiative damping contains the barrier refraction coefficient ν1, and the QW
refraction coefficient ν does not appear at all! The physical sense of the result is quite clear: Under condition kd << 1
we can go to the limit d→ 0, when the QW’s material is absent, but there exists the induced current corresponding
to the exciton creation transitions.
Thus, it is proved that our results for the narrow QWs for the monochromatic and pulse irradiation [5,7,16-19] are
true not only at ν = ν1 , but also at ν 6= ν1, since our formulas contain only the barrier refraction coefficienyt.37
XI. THE REFLECTANCE, TRANSMITTANCE AND ABSORBANCE AT A PULSE IRRADIATION.
The energy flux S(p), where p = t− zν1/c, corresponding to the electric field of the stimulating pulse, is as follows
S(p) = ez
cν1
4π
E20 (z, t) = ezS0P (p), S0 =
cν1
2π
E20 . (58)
The transmitted flux on the right of the QW is
Sright(p) = ez
cν1
4π
E2right(z, t) = ezS0T (p). (59)
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FIG. 1:
For the reflected flux (on the left of the QW) we obtain
Sleft(s) = −ez cν1
4π
(∆Eleft(z, t))
2 = −ezS0R(s). (60)
where s = t+ zν1/c. The dimensionless functions T (p) and R(s) determine the rates of the transmitted and reflected
energy of the stimulating pulse.
The time-dependance of the absorption is determined by the dimensionless coefficient
A(t) = P (t)− T (t) −R(t), (61)
if a time t of the pulse transition through the QW is small in comparison to the pulse continuation ∆t (or if the pulse
length along the axes z is much more in comparison to the QW’s width d). Let us check that the criterium is fulfilled
for the wide enough QWs and pulses, duration of which is comparable with the value h¯/∆ω, where ∆ω is the distance
between two polaron energy levels. Let us take, according to [5], ∆ω = 0.0065eV (the corresponding pulse duration
is ∆t = h¯/∆ω = 0.1ps). The pulse time transition through the QW with the width d = 300A˚ ;t ≃ dν/ = 10−4ν ps
, i.e., the condition t << ∆t is fulfilled, and the definition (60) ia applicable.
Let us note that at a pulse irradiation the integral absorption (integrated on time from t = −∞ to t =∞ ) equals
0, if the non-radiative damping γ = 0. For the monochromatic irradiation the coefficients T ,R and A are constants,
and A = 0 at γ = 0.
In [20,21,23-26] the light reflection and absorption are considered for comparatively wide QWs (kd ≥ 1). The
results (the formulas and graphics) were obtained with the help of the ”envelope” functions φχ(z) without taking into
account the Coulomb interaction of electrons and holes. In the present work the calculations are performed without
concretization the ”envelope” functions.The difference of the refraction coefficients of a QW ν and barriers ν1 is taken
into account.
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